In this paper the exact frequency response of symmetric piecewise linear vibration isolator has been revised and reviewed. The frequency response of the system is calculated and detailed sensitivity analysis is presented. The method of obtaining the exact frequency response of the isolator is based on combining together the liner solutions of di erent segments within the cycle of motion of the system. In this paper set of graphs for di erent parameters of the system that illustrates the sensitivity of the system have been provided. The analysis of the impact of parameters of the system on its behavior has been presented. The sensitivity analysis is required to be able to determine the working domain of the parameters. Jump avoidance and peak amplitude minimization are the main aspects of parameter working domain.
Background
Among variety of nonlinear mechanical systems there can be assorted a class of systems that are characterized by nonlinear positional forces. This class of systems has the title of piecewise functional vibration isolators. Piecewise linear vibration isolator is the linearized model of this class whose system has multiple linear sti ness and dumping characteristics. The nonlinearity of such isolators is modeled by a nite number of straight lines that present those characteristics. At some point of their performance these systems have instantaneous change of their sti ness and damping characteristics. A mathematical analysis of such systems requires dealing with large Oleksandr Pogorilyi, Pavel Trivailo, Mohammad Fard, Reza N. Jazar: School of Aerospace, Mechanical and Manufacturing Engineering, RMIT university, Melbourne, Australia nonlinear terms in equations that re ect the behavior of the systems [1] .
It has been proven that in order to improve the vibration behavior of suspensions there is necessity to make the suspension as soft as possible. This strategy needs a large relative available displacement motion [2] . On the other hand, it has also been proven that frequency and relative amplitude are working inversely after resonance frequency of the system [2] . Therefore, high amplitudes occur at low frequency and low amplitude occurs at high frequency. To satisfy these requirements, piecewise functional suspensions with dual sti ness and damping characteristics have been suggested. So, the system would have a soft suspension for high frequency excitation, and a sti suspension to protect the system from high amplitudes.
Since 1980 when the practical piecewise linear suspension has been introduced, researchers faced a highly mathematically complicated problem to determine its analytic solution and, as a result, some approximation solutions were successfully developed.
Piecewise linear systems consist of two parts: the primary and the secondary suspensions. The primary suspension revealing linear behavior of the whole system. However, at some frequencies, when the amplitude of the primary suspension exceeds its gap, the secondary one comes into action as well.
First successful attempt to analyze piecewise linear system was conducted by Den Hartog [3] who investigated the bilinear sti ness system. He proved that the exact solution for the frequency response of the system can be reduced to a limited number of transcendental equations. Den Hartog used those equations to develop the frequency response of the system. Later, in their study, Jacobsen and Jespersen [4] validated the results of Den Hartog by results of their experimental work.
Mathematical component in the study of piecewise linear vibration isolators was developed by works of Aizerman [5] [6] [7] whose publications were devoted to numerical methods in dealt with piecewise functions that represent piecewise mechanical systems.
The bilinear characteristic of the system was improved by Gurtin [8] who replaced the secondary suspension by viscous damper. Gurtin developed equivalent method that allows to obtain approximate frequency response of the piecewise system with a damper. The investigation of dampers in piecewise linear systems was continued by Marsi [9] [10] [11] who researched analytically and experimentally di erent dynamic systems with gaps, including the ones with impact dampers.
Rosenberg [12] did notable work in mathematical part of these systems. He described conditions when steady state periodic solution for piecewise linear systems exist. Iwan [13, 14] obtained successfully averaged periodic solutions of the piecewise linear systems, but the method that he applied was still an approximate one. Watanabe [15] plotted the frequency response of a continuous system with nonlinear boundary conditions. In addition, he showed how amplitude of harmonic excitation impacts on frequency response. Nguyen et al. [16, 17] made parametric studies to analyze the a ect of various excitations and system's physical variables on frequency response and supported their investigations with experimental results.
In his studies, Natsiavas [18, 19] showed that solution for a piecewise linear systems can be obtained from solution of a set of eight coupled transcendental equations. Narimani et al. [20] received the frequency response of symmetric piecewise linear vibration isolator with use of perturbation method. Also, they performed stability analysis of the system [21] . Pogorilyi et al. [22, 23] successfully reduced the number of transcendental equations to two and used them e ectively. 
Exact frequency response
The considering system is subjected to a periodic base excitation y(t) with period T > . Figure 1 presents the mechanical model of the system. The distances between the primary sub-system and the upper and lower constraints of the secondary sub-system (which is ∆) are assumed to be equal. We search for steady state response of the system.
The equations governing the motion of the system may be written as
where g (x,ẋ) and f (y,ẏ) are piecewise linear functions representing characteristics of the system and nonlinear excitation, respectively:
The equation of motion for the system shown in Figure 1 may also be written in a non-dimensional form:
where,
The output of the current analysis is the frequency response of the piecewise system of equations (4) . In order to nd the frequency response we will determine the value of the steady state amplitude of the system at each frequency. The system is nonlinear and there is no simple closed form solution for amplitude as a function of excitation frequency when the relative amplitude, u, is greater than the gap size.
Thereby, we seek periodic solutions of the system (4) which satisfy the following initial conditions:
These conditions guarantee that the nonlinearity of the system comes into action. Furthermore there is requirement that in the rst quarter period, where z(t) goes from z(t) = ,ż(t) > at t = , the solution passes through z = withż( ) < once, at t = t , t π/ω. Due to these assumptions, the solution will be at 1 when t = , t = t , t = π/ω, t = π/ω + t and t = π/ω in the period starting at t = . There is no however a one-toone relationship between the input amplitude Y and the output response z. For some values of Y there may be no such solutions, while for the other values of Y there may be several.
Suppose that the solution in domain z > is z (t) and the solution in domain |z| < is z (t) (see Figure 2) . The underdamped solutions z (t) and z (t) are:
The amplitude can be found after imposing the following conditions to the solutions:
Imposing the eight boundary conditions (16) on equations (7) - (10), produces eight transcendental equations for eight unknowns A , B , A , B , t , ν , ν and ϕ:
The parameters B and A can be found from the equations (17) and (18), while the parameters B and A from the equations (23) and (24): 
Now, substitution of A , B , A and B in (19) -(22) produces four equations for ν , ν , t and ϕ. If we were able to solve them analytically, then we could complete the solutions z (t) and z (t). In that case the maximum value of z (t) would be equal to expected steady state amplitude. However, there is no closed form solution for these calculations. In order to nd the maximum value of z (t), it is necessary to determine parameters numerically.
Solving numerically the equations (19) - (22) for a given ω where nonlinearity comes into action, the values of ϕ, ν , ν and t can be determined. By substituting these values in z (t) and z (t) and taking into account initial conditions (16) the graph of the relative steady state response can be plotted (see Figure 3) .
Frequency response, which is the objective of this study, is the maximum amplitudes of a system in relation to excitation frequency [22] . Hence, the amplitude at point M in Figure 3 for range of excitation frequency has special interest.
If there was only the primary suspension in the system the frequency response would be:
For the linear system where ω = and ξ = . the frequency response is shown by solid line in Figure 4 : The considered system is nonlinear and the dashed line above z = illustrates the frequency response of the system when the secondary suspension is engaged. This sudden shape change is due to spontaneous change of sti ness and damping of the system. The maximums of steady amplitudes (point M Figure 3) are searched in the frequency range where nonlinearity comes into action.
Following graphs in this article will only be focused on nonlinear area above z = .
Calculation of the unknowns φ, ν , ν and t for different ω provides the possibility for nding the maximum amplitudes that are required to build frequency response graph. A sample of the frequency response of the system for ω = , ξ = . , ω = , ξ = . is shown in Figure  5 : The frequency response of the exact solution of the system (see Figure 5 ) reveals two stable zones in the nonlinear area indicated by solid lines. Such behavior has not been detected before with using approximate methods for the problem [22, 23] . Therefore, the frequency range where jump phenomenon may happen is di erent than it was known from the previous studies of piecewise linear systems. For the current set of parameters the range is wider which indicates that jump may happen on lower frequencies. In addition, the o ered method of obtaining the exact solution of the system allows to receive the curve of unstable zone (dashed line in Figure 5 ). In addition, the exact solution reveals an interesting behavior of frequency response on the border areas where the secondary suspension engages. By increasing excitation frequency from its low values where the secondary suspension is not engaged the nonlinear frequency response curve has smooth transition from the linear to the nonlinear area. On the other hand, by decreasing excitation frequency from high values with increasing of relative amplitude the secondary suspension prevent system from growth of the amplitude and fracture on the border of linear and nonlinear areas can be observed (see Figure 6 ). 
Parameter study
Sensitivity analysis helps to understand the reaction of the system to parameter change and optimize the system which has essential importance during designing steps. Gradual change of parameters of the system and illustration of its response to that change provides su cient basis for understanding what value of the parameter is optimal for the considered system. For the current piecewise linear vibration isolator these parameters are sti ness and damping of the primary and secondary suspensions.
It was shown that the best combination of parameters in a general and non-speci c application for linear one degree of freedom suspension system is when ω = and ξ = . [2] . As an example of a practical suspension for automotive application, we use the nominal values of ω = and ξ = . for which the frequency response of the system has a crooked shape (see Figure 7) .
In addition, there was made an assumption that damping value of the primary suspension does not impact on shape of frequency response's curve of the system. In other words, the curve's distortion from engaging of the nonlinear component is the same for any value of damping of the primary suspension, the di erence is only in scale of those distortions.
. E ect of ω
The set of graphs in the Appendix reveals that the sti ness ratio of the secondary suspension ω regulates mainly the slope of backbone curve in nonlinear area. By increasing value of ω distortion of the curve grows: the shape of the Fig. 7 . Frequency response of the linear system under di erent values of damping response inclines to higher frequencies and elongates (although the elongation is not so signi cant as by the changing of the secondary suspension's damping ratio ξ ). The range of ω subdivides the frequency response into two regimes that represent di erent behavior of the response curve. At the rst regime, when value of ω increases from the value of 0, the maximum value of the frequency response curve declines while the inclination of the backbone curve does not occur. For example, when ω = the maximum value of relative amplitude is . whereas the maximum relative amplitude of the linear system (ω = , ξ = ) is . . However, the second regime has place with rise of value of ω from about 15 and higher when the frequency response curve begins to incline end elongate. The inclination and elongation of the frequency response curve widens the frequency range of the upper stable zone which leads to higher possibility of the jump occurrence. For instance, when ξ = . and ω = the frequency range where jump may occur is about .. Hz, although when ξ = . and ω = the range widens to about .. Hz. With the rise of ξ this impact of ω on widening of the range where the jump may happen becomes less signi cant.
Taking into account the two regimes that reveal di erent shapes of the frequency response curve it is possible to assume that the range of the secondary suspension's damping and sti ness ratios where the maximum value of the relative amplitude has the lowest response is the most appropriate area for designing the optimal system. This area depends on the combination of values of ξ and ω . From the investigated range of the damping and sti ness ratios (ξ = .. . ; ω = .. ) it can be observed that the transformation zone occurs in the domain of ω = .. for ξ = . .. . . The plot of the optimal values curve for designing a suspension with dual rate spring and damper is presented in Figure 8 .
Fig. 8. Optimal design curve
In the analyzed range of the secondary suspension's sti ness ratio ω (0 .. 90) for the low values of the damping ratio ξ with increasing ω the maximum amplitude of the frequency response curve grows as well. However, from xi = . and higher the maximum amplitude of the frequency response curve declines with the rise of ω which is caused by high distortion of the curve from heavy impact of ω and ξ .
. E ect of ξ
The set of graphs in the Appendix illustrates the frequency response behavior of the piecewise linear vibration isolator under di erent values of secondary suspension parameters. The damping ratio of the secondary suspension (ξ ) with decreasing its value elongates the shape of the response curve. Therefore, reducing the value of the secondary suspension's damping ratio (ξ ) with the xed value of the sti ness ratio of the secondary suspension (ω ) leads to increasing the relative amplitude of the system. For example, for ω = the value of relative amplitude rises from about . when ξ = . to over . when ξ = which is almost 50% growth. However, this dependence is not consistent for di erent values of the secondary suspension's sti ness ratio. By increasing ω the growth of relative amplitude has a bigger scale from decreasing of ξ . For instance, for ω = the value of relative amplitude increases from about 1.04 when ξ = . to almost 1.7 when ξ = . In this case the growth of relative amplitude is more than 60%. Accordingly, when the value of sti ness ratio of the secondary suspension is low (less than ω = ), the relative amplitude value stays comparatively stable under changing the secondary suspension damping ratio.
In addition, the probability that the jump phenomenon can occur grows with decreasing the value of the secondary suspension damping ratio. Reduction of the ξ value elongates and inclines the system's frequency response curve to higher frequencies (if the components of the systems are set in the way that the secondary suspension is sti er). This distortion of the response curve widens the frequency range of the upper stable zone in nonlinear area thereby the frequency range where jump may happen widens as well. For example, when ω = and ξ = . the frequency range of the frequency response's upper stable zone has domain is about 12..14 Hz. However, when ξ = for the same value of ω the domain widens signi cantly to 12..55 Hz.
Conclusion
The piecewise linear vibration isolator that is studied in this article has linear behavior in some domain of excitation frequency and nonlinear in the other. Current study allows to receive steady-state time response and frequency response in nonlinear domain with exact method. Analysis of the system has shown some speci c features of the system's response: two stable zones in nonlinear area and fracture in frequency response curve in the transition from nonlinear to linear area.
The exact frequency response of the system discovers an interesting behavior of the secondary suspension. By increasing the excitation frequency the relative amplitude of the system increases until it lls the gap. Transition from the linear to nonlinear happens smoothly at this point and the secondary suspension comes into action soon after relative amplitude tends to exceed the gap size. On the contrary, when the excitation frequency reduces from high values and relative amplitude increases until it lls the gap, the secondary suspension resists to allow any uniform increase in the amplitude. In other words, the secondary suspension acts as a soft spring when frequency increases, and acts as a solid stop when frequency decreases. Such behavior makes the multiple possible amplitude domain wider and therefor, the jump avoidance design more critical. Also, analysis shows that for each value of ξ there is the some domain of ω value where the curve of frequency response changes in a way that stable and unstable zones disappear and where the jump phenomenon is no longer observed.
